Nonclassicality cannot be a single-observable property since the statistics of any quantum observable is compatible with classical physics. We develop a general procedure to reveal nonclassical behavior of light states from the joint statistics arising in the practical measurement of multiple observables. Besides embracing previous approaches, this protocol can disclose nonclassical features for standard examples of classical-like behavior, such as SU (2) Nonclassicality cannot be a single-observable property, since within classical physics it is always possible to reproduce exactly the statistics of any quantum observable. For example, we can consider the observable of photon number, that means field energy in units of the one-photon energy. In classical electromagnetism, a wave can have any value of the energy with zero uncertainty. This includes any integer number of times the energy of a photon, mimicking the energy statistics of a Fock state. Moreover, in classical optics waves can be generated with random amplitudes, with probabilities reproducing exactly the number distribution of any quantum field state. Actually, a key feature of the quantum versus classical relationship is quite the opposite: there are classical statistics that cannot be reproduced by quantum states, such as perfectly defined field energy different from integer values of the photon energy.
Nonclassicality cannot be a single-observable property since the statistics of any quantum observable is compatible with classical physics. We develop a general procedure to reveal nonclassical behavior of light states from the joint statistics arising in the practical measurement of multiple observables. Besides embracing previous approaches, this protocol can disclose nonclassical features for standard examples of classical-like behavior, such as SU (2) Nonclassicality cannot be a single-observable property, since within classical physics it is always possible to reproduce exactly the statistics of any quantum observable. For example, we can consider the observable of photon number, that means field energy in units of the one-photon energy. In classical electromagnetism, a wave can have any value of the energy with zero uncertainty. This includes any integer number of times the energy of a photon, mimicking the energy statistics of a Fock state. Moreover, in classical optics waves can be generated with random amplitudes, with probabilities reproducing exactly the number distribution of any quantum field state. Actually, a key feature of the quantum versus classical relationship is quite the opposite: there are classical statistics that cannot be reproduced by quantum states, such as perfectly defined field energy different from integer values of the photon energy.
Thus, nonclassical effects must be found when addressing the joint statistics of multiple observables, specially if they are incompatible [1] . In the most general case joint measurements require the coupling of the system with auxiliary degrees of freedom.This means that the measurement must be followed by some kind of data analysis or inversion procedures to extract the information of the system variables from the observed statistics in the enlarged space [2] . We show that in classical physics the result of the inversion is always a true joint probability distribution of system variables. However, in quantum physics this is not always the case and the result of the inversion can be incompatible with classical statistics. Parallels can be drawn with the construction joint probability distributions via the inversion of moments [3] . This is a very general program that includes as particular cases classic demonstrations of the nonclassical behavior of some light states, such as coincidence detection and quantum tomography [4] . Besides, this approach discloses nonclassical properties for light states that otherwise are universally considered as classical light. Furthermore, when combined with other nonclassical criteria it would imply that every light state is nonclassical.
We consider the simultaneous measurement of two compatible observablesX andỸ, with outcomes x and y, respectively, and an joint probabilityp X,Y (x, y). The corresponding marginal distributions arẽ
where we are assuming a discrete range for x and y without loss of generality. We consider that these marginals provide information about two system observables X and Y, respectively, that may be compatible or not. We assume that the information about X and Y contained inp X,Y is complete, so that the distributions p Z (z) for Z = X, Y and z = x, y can be retrieved from the observed marginalsp Z (z) above in the form
where µ Z is a matrix with matrix elements µ Z (z, z ) completely known as far as we know the measurement being performed. These are the non ideal invertible measurements introduced in Ref. [2] . The key idea is to extend this inversion from the marginals to the complete joint distribution in the form
or in matrix form
where the superscript t denotes matrix transposition.
Let us show that in classical physics the inversion procedure (3) always leads to a bona fide distribution p X,Y (x, y). Classically the state of the system can be completely described by a legitimate probability distribution P(λ), where λ is a point in the corresponding phase space. So the observed joint statistics can be always expressed in the form
whereZ(z|λ) are the conditional probabilities that the observableZ takes the value z when the system state is λ. Applying Eq. (2) Z
we readily get from Eqs. (3) and (6) 
which is from the actual joint distribution for X and Y. Therefore, in the classical domain the inversion works equally well for the joint distribution as for the marginals so the lack of positivity or any other pathology of the retrieved joint distribution p X,Y (x, y) is a signature of nonclassical behavior. The simplest example illustrating this approach deals with the statistics of two complementary observables in a qubit. In quantum optics the qubit can be implemented as the polarization of a single photon in a two-mode electromagnetic field. We consider two dichotomic observables with outcomes x, y = ±1, describing for example linear polarization (horizontal versus vertical) and circular polarization (dextro versus levo), respectively, and represented as quantum operators by the Pauli matrices X = σ x and Y = σ y . The most general photon state is given by the density matrix
where σ 0 is the identity, σ σ σ are the three Pauli matrices, and s s s is a three-dimensional real vector with |s s s| ≤ 1, these are the Stokes parameters. So the system space for the qubit is the unit Bloch sphere that in our example coincides with the Poincaré sphere. The exact statistics are
A joint measurement of these observables can be carried out as described in detail for example in Refs. [5] and [6] , leading to the joint statistics
where φ is an apparatus parameter. The corresponding marginals
which can be easily inverted in the form (2) with
where κ X = cos φ and κ Y = sin φ. Finally, the inversion (4) leads to
Clearly p X,Y (x, y) can take negative values if |s s s| > 1/ √ 2. Relying on the spherical symmetry we may say that any state with |s s s| > 1/ √ 2 is actually nonclassical after a suitable choice of the X, Y observables. This represents the 65 % of the volume of the Bloch sphere. This is quite relevant since it is often argued that all 1/2 spin states are classical since all them have a wellbehaved Glauber-Sudarshan SU(2) P-function [7] . Actually, the more nonclassical states are the SU(2) coherent states since |s s s| = 1. Previous reports on the non classicality of these states can be found in Ref. [8] .
In the next example the system is an electromagnetic field mode in some state ρ . This is mixed with a Glauber coherent state of mean photon numbern at a lossless 50% beam splitter and the number of photons n 1 and n 2 are registered at the two output ports with joint statisticsp (n 1 , n 2 ). The variables of interest for this example are not n 1,2 , but the total number N = n 1 + n 2 and the normalized number difference m = (n 1 − n 2 )/(n 1 + n 2 ). The observed joint distribution for these variables is
where N = 0, 1, . . . , ∞, while the range for m is the union of all the ranges allowed for each N, this is m = −1, −1 + 2/N, . . . , 1, and we consider just m = 0 for N = 0. For simplicity we drop the subscripts in p andp since there is no risk of confusion. The marginal statistics for the total numberp(N)
can be regarded as providing information about the photonnumber distribution p(n) = n|ρ|n of the system state ρ. The corresponding data inversion is of the form
On the other hand, the marginal distributionp(m) represents relative-phase statistics in terms of the typical visibility of the interference at the beam splitter. More specifically,p(m) can be related to well-known approaches to the cosine of the relative phase introduced via homodyne detection [9] . Because of this, and for the sake of simplicity we consider thatp(m) requires no data inversion. This is consistent with the understanding that there is no operator for the single-mode phase which is more properly represented by positive operator measures [10, 11] .
Therefore, applying the inversion (16) to the complete joint distribution we get
Nonclassical behavior holds for example when considering the particular values n = 1 and m = 0. Note that N is the sum of the number photons recorded in both detectors, so that this example deals with the detection either of no photons, or at most a single photon in only one detector. Taking into account that m = 0 is not included for N = 1
Therefore, whenever p(0) = 0 andn = 0 we have p(1, 0) < 0. In particular this discloses non classical properties for the Glauber coherent states and even for thermal states, which are widely assumed as classical-like states. The most simple example is the vacuum state which is both thermal and coherent, with maximum p(0) = 1. The fact the coherent states display nonclassical behavior for number-phase variables was already noticed in Refs. [12] . The main objective of this work is a proof of principle of the method so ideal conditions have been assumed throughout. Naturally, its practical implementation will face the effects of typical experimental imperfections [13] . Let us briefly show that they present no any insuperable obstacle to the observation of nonclassical results in the cases presented above. To this end practical imperfections are exemplified by finite quantum efficiency η, and finite sampling.
Concerning the one-photon polarization example, for definiteness let us consider the case s x = s y = |s s s|/ √ 2 with φ = π/4. Since we have only one photon, the effect of the finite quantum efficiency is that only a fraction η of the N repetitions of the measurement will actually contribute to the readouts. These actually recorded photons will tend to the observed statistics
The inversion procedure leading to
that takes negative values for |s s s| > 1/ √ 2. The finite quantum efficiency will manifest in the uncertainty of the observed statistics, that will follow a binomial distribution
that depends on the number of effective runs ηN. A simple propagation of errors leads to
With this we can easily examine the statistical significance of the negativity of p X,Y (−1, −1). We can ask for the number of repetitions N so that p X,Y (−1, −1) is more than ν standards deviations below zero, for example for |s s s| = 1,
For ν = 10 and a rather low quantum efficiency η = 0.1 this condition is satisfied when N ≥ 2.2 × 10 3 , which is a rather accessible number of repetitions. Regarding the number-phase example in Eq. (18), and in the same spirit above we get that
with uncertainty
Thus imposing that p(1, 0) is more than ν standard deviations below zero
For example, forn = 10, η = 0.1 and ν = 10 this means N ≥ 1.7 × 10 2 , which is again a very accessible result. Finally we comment on the main points addressed above. We have addressed an universal protocol to disclose nonclassical behavior of light states via joint measurements of more than one observable. This includes previous criteria as particular cases and admits many other possibilities under one and the same framework.
In this regard, a current approach to mesuring nonclassicality of light consists of performing optical tomography and looking for nonclassical features of the Wigner distribution [14] . This can be regarded as a particular case of our approach, since when the measured observables are the field quadratures, the result of the inversion is the same Wigner function reconstructed by optical tomography, as shown in Ref. [2] . Nevertheless, this method goes beyond the reconstruction of standard phase-space distributions as demonstrated by the above example revealing nonclassical properties of Glauber coherent states.
After Eq. (5) we may say that the failure of the inversion procedure (3) holds because the observed statisticsp X,Y (x, y) is not separable, this is that it cannot be expressed in the form
for some positive functions f m and g m . For example, if we try to expressp X,Y (x, y) in Eq. (10) in this factorized form (27) we get
so this is never separable for |s s s| = 0. This lack of separability may have two causes: either there is no well-behaved P(λ), or the factorization X(x|λ)Y(y|λ) fails. This points to two sources of nonclassical features: the observed state and the observing procedure. Let us elaborate in this. When a measurement is made on some system state |ψ resulting the outcome a, we may say that the system is found in the state corresponding to the outcome, say |a . For most measuring schemes such states |a are actually nonclassical, say number states for photodetection or squeezed states for quadrature measurements in homodyne detection [15] . The intriguing point is that the observed statistics emerges from the concurrence of the observed state and the apparatus states via the Born rule in a completely symmetric way | a|ψ | 2 [16] . This raises the question of whether nonclassicality is a property of the apparatus states |a or a property of the state being measured |ψ . Up to now the attention has focused on the system state, and the observation was merely an instrument. We hope that the analysis developed in this work may shed light on this point since the standard approach may be overlooking many interesting results conveyed by nonclassical measurements [17] .
This might be the case in the above phase-number example. There, the nonclassicality may be ascribed to same kind of effective entanglement between the N and m variables, since the allowed values for m may be different for different N. This m − N entanglement is corroborated by most approaches to the quantum relative phase as a purely quantum effect [11] : in the classical case there is no relation whatsoever between the intensity and the cosine of the relative phase. In this regard, a deep relation between non classicality and entanglement has been put forward in Ref. [18] .
Finally, let us note that the result in Eq. (18) is the dual of the nonclassical Lee criterion [19] . Such approach introduces a continuous parameter, referred to as nonclassical depth, to measure how nonclassical quantum states are. Roughly speaking, it means how many thermal photons must be incoherently added to a given state so its Glauber-Sudarshan P function becomes a classical-like distribution. A suitable theorem [20] demonstrates that if the probability of having zero photons vanishes, p(0) = 0, then the nonclassical depth is maximum. This is quite the opposite of the result found here around Eq. (18) . This means that the union of both criteria would imply that all light states of a one-mode field are nonclassical.
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